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In this paper explicit analytical expressions are derived which describe basic directional characteristics 
of circular scanning aperture: radiation pattern for different kinds of amplitude distribution, 
beamwidth, part of radiated power contained in the main lobe, directivity. Consideration is based on 
the theory of continuous ring radiator within the scalar approximation.
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В данной статье приведены явные аналитические выражения, описывающие основные 
характеристики направленности круглой сканирующей апертуры: диаграмма направленности 
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1. Introduction
Directional properties of the radiating circular aperture are studied in the literature in detail [1, 2]. 
However, all presented results usually describe a uniform-phase aperture, while characteristics of the 
scanning aperture are determined numerically. In this paper we present explicit analytical expressions 
describing the main directional characteristics of circularscanning aperture: radiation pattern for 
different kinds of amplitude distribution, beamwidth, part of radiated power contained in the main 
lobe, directivity. Also we analyze the directivity changing while scanning. All consideration is based 
on the theory of continuous ring radiator within the scalar approximation.
2. Directional characteristics
Radiation pattern
Radiation pattern of circular aperture can be written in the form of Huygens-Green integral [3]:
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Fig. 1. Circular aperture 
 
Various kinds of amplitude and phase distribution are considered in [4]. For circular 
scanning aperture examination we suppose axially symmetric amplitude distribution: 
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and phase distribution which establishes maximum radiation in direction 0 0( , )θ ϕ , i.e. 
 
 ( ) ( )0 0 0 0, , , sin cosr kr′ ′Ψ θ ϕ ϕ = θ ϕ −ϕ . 
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where İ(r, φ') – field amplitude and phase distribution over the aperture, k = 2π / λ, (θ, φ) – angles of 
spherical coordinate system, r, φ' – integration point coordinates (Fig. 1).
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where J0(z) is the Bessel function of the first kind of order zero. Then radiation pattern of circular ap-
erture takes the form:
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Expressions (2), (4) represent radiation patterns of circular aperture for arbitrary direction of 
radiation maximum (θ0, φ0). Fig. 2 demonstrates cu  secti n of radiation pattern in φ = 0 plane for ap-
erture with R = 4λ and amplitude distribution of (3), where Δ = 1 and n = 1.
Using of presented expressions, we can determine other directional properties of circular aperture: 
beamwidth for arbitrary direction of main lobe; directivity; fraction of radiated power concentrated 
within the main lobe.
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Here R – aperture radius. Fig. 3 represents change of beam width depending on the direction of 
the radiation maximum θ0 (φ0 = 0).
Fraction of power, concentrated in main lobe
Fraction of radiated power, concentrated within main lobe of circular aperture radiation pattern 
can be written as
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By changing of variable t = kRsin θ:
Fig. 2. Radiation pattern of circular aperture R = 4λ with taper amplitude distribution (3) for different direction 
of radiation maximum θ0
Fig. 2 – Radiation pattern of circular aperture 4R = λ  with taper amplitude distribution (4) for 
different direction of radiation maximum 0θ
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Let’s examine changing of circular aperture directivity while scanning. Without loss of generality 
in (2) we always can assign φ0 = 0, then radiation pattern takes a form: 
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Directivity can be found numerically for every certain 0θ . Results are presented in Fig. 4.  
 
 
Fig. 4. Directivity of scanning circular aperture 
 
3. Conclusion 
In this paper we derived explicit analytical expressions, which can be used for defining of 
directional properties of circular scanning aperture without numerical computing. 
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